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We can thus associate with every real quadratic form two integers P and N) namely, the number of positive and negative coefficients respectively which we get when we reduce the form by any real non-singular linear transformation to the form (1). These two numbers are evidently arithmetical invariants of the quadratic form with regard to real non-singular linear transformations, since two real quadratic forms which can be transformed into one another by means of such a transformation can obviously be reduced to the same expression of form (1).*
The two arithmetical invariants P and N which we have thus arrived at, and the arithmetical invariant r which we had before, are not independent since we have the relation
(5)                                   P + JVW.
One of the invariants P and N is therefore superfluous and either might be dispensed with. It is found more convenient, however, to use neither P nor -ZVJ but their difference,
(6)                                             s = P - N,
which is called the signature of the quadratic form.
DEFINITION. By the signature of a real quadratic form is understood the difference between the number of positive and the number of negative coefficients which we obtain when we reduce the form by any real non- singular linear transformation to the form (1).
Since the integers P and JVused above were arithmetical invariants, their difference s will also be an arithmetical invariant. It should be noticed, however, that s is not necessarily a positive integer. We have thus proved
THEOREM 3. The signature of a quadratic form is an arithmetical invariant with regard to real non-singular linear transformations.
EXERCISES
1. Prove that the rank r and the signature $ of a quadratic form, are either both even or both odd ; and that
2. Prove that any two integers r and s (r positive or zero) satisfying the conditions of Exercise 1 may be the rank and signature respectively of a quadratic form.
* P is sometimes called the index of inertia of the quadratic form.